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Abstract:
Since the start of the twentieth century, mathematicians have worked on extending the idea of

binomial coefficients in many different directions. One well-known example is the Fibonomial
coefficient, which is formed by replacing the usual natural numbers with Fibonacci numbers
in the binomial formula. In recent past, this idea has been taken further with the introduction
of a new variation called the Right a-Fibonomial Numbers. In this paper, we explore their
special cases known as the Right-a Double Fibonomial Numbers, Right-a Triple Fibonomial
Numbers and RF-Trinomial numbers showing when they result in integer values. Furthermore,
we discuss several additional features, including their upper and lower bounds, which highlight
the broader significance of Right-a Fibonomial Numbers in the study of generalized binomial

coefficients.

1. Introduction:
In 2002, Kalman and Mena [9] explored the study related to the sequence of generalized

Fibonacci numbers. These numbers are defined as follows:

Definition: For any positive integers a and b, the generalized Fibonacci numbers {Fn(“'b)} are

defined recursively by the relation F” = aF“? + bF*>; n > 2, where F*? =
0.F%P =1,

First few terms of this sequence are 0, 1, a, a® + b, a® + 2ab,a* + 3a?b + b?, .... It can
be easily observed that Fn(l’l) = F,, the n Fibonacci number.

In 2015, Arvadia and Shah [1] studied the following sequence of right a-Fibonacci
numbers, which is a special case of {Fn(l'a)}.
Definition: For any positive integer a, the right a-Fibonacci numbers are defined by the
recurrence relation % = F&® 4 qf“9; n > 2, where E® = 0 and F™® = 1.

First few terms of this sequence are 0,1,1,1 + a,1 + 2a,1 + 3a + a2, ... . Arvadia and

a—gn

Shah [1] obtained extended Binet formula for this sequence as Fn(l'“) =5

, Where a =

1+vV1+4a \/1+4a

and g =
Movmg parallel to this, we define the sequence of right a-Lucas numbers by the
recurrence relation L = L% +aL®%); n > 2, where 1§ = 2and 1" = 1. First

few terms of this sequence are 2,1,1 + 2a,1 + 3a,1 + 4a + 2a?,1 + 5a + 5a?, .... Clearly,

LE}’” = L,, the n" Lucas number. It easy to show that the extended Binet formula for this
1+v1+4a d ,3 — 1- \/1+4a

sequence of numbers is given by LS}'“) =a™ + B", where a =
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In 2008, Benjamin and Plott [2] further defined the concept of Fibonomial numbers and
derived interesting properties related to them. Subsequently, in 2018, Shah and Shah [15]
introduced the Genomial numbers, replacing Fibonacci numbers with k-Fibonacci numbers

through generalization. In the near past, Desai and Shah [5] unveiled the proper right a-

F,(nl’a)*

Fibonomial numbers (7:) , delineated as (YI?) 0 <k <m, where
RF

= TGor . paar
RF Fk ><Fm_k

ESLr = FO) o O o pU o Y and EXY = 1 and then obtained properties
and identities related to them.

In combinatorics, the factorial of a positive integer n, denoted by n!, is defined by n! =
nXx(n—1)x--x2x1;n=>1and0! = 1. Whereas the double factorial of a positive integer
n is usually denoted by n!!, and it is defined as follows:

Definition: For any non-negative integer n, double factorial is defined as

nXxn—2)x--x3x1;nisodd
nl={nxMn-—2)X--xX4X2;niseven.
1 m=20

The double factorial binomial coefficients are defined as follows:
Definition: For any non-negative integers n and k, double factorial binomial coefficients are
defined by

() - 7tee

In 2021, Shah and Shah [14] introduced generalized double Fibonorial numbers and
double Fibonomial numbers in which they replaced natural numbers by the terms of
generalized Fibonacci numbers, w,, = pw,,_; + qw,,_,,forn > 2; w, = aand w,; = b, where
a, b, p and g are any integers.

Definition: For any integer n = 0, generalized double Fibonorial numbers are defined by

1 :n=20
nll, = {Wn X W(n_2) X - X Wg X Wy X W, ; nis even,
Wy X W(n_p) X ==+ X Ws X w3 X wq ; nisodd

Definition: For 0 < k < n, generalized double Fibonomial numbers are defined by

(D), =

Also, the greatest common divisors of the binomial coefficients forming each of the two

triangles in the Star of David shape in Pascal’s triangle are equal. In 1971, Gould [7] obtained
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the interesting identity for binomial coefficients that is (n_a)( " )("+a)=

k—a/\k+a k
n—ay/m+a n
( k )(k+a)(k—a)'
In 2024, Shah and Shah [13] introduced an extension of Fibonomial numbers into three

dimensions, termed F-trinomial numbers. In this extension, n is partitioned into three parts.

2. Right-a double Fibonomial Numbers:
Definition: For any integer n > 0, Right-a double Fibonorial numbers are defined by

1 ;n=20
nlpp = ERG® o FnR_(;’“) X e X FGR(l’“) x FFD 5 EROY - is even,
FnR(l’a) X FnR_(;’a) X oo X FSR(l’a) X F3R(1’a) X FlR(l’a) ; nisodd

The definition of n!!; helps to express the Right-a double Fibonorial in terms of regular Right-

a Fibonorial as shown in the following lemma.

| |
Nnlgr — (n+1)!gr ; > 1
(m—gr (m+D"gE

Lemma 2.1: nllzr =

We use the concept of Right-a double Fibonorial to further generalize the concept of
Right-a double Fibonomial coefficients defined as follows:

Definition: For 0 < k < n, Right-a double Fibonomial numbers are defined by

D H I
It is easy to observe that ((3))RF =1= ((E))RF,«;))RF = bEF @) and <(E))RF =
(o)

2.1 Properties of Right-a double Fibonomial numbers:
The following results are easy consequences from the definition of Right-a double Fibonomial
numbers.

Lemma 2.2: For any positive integers k, m and n,

eranere (1), ((9), = (), (=),

2 550 (), =5 ()

N (R (e
(G2

RF

R(a,b) ( (M _ R(ab)
4. Fk ((k))RF - Fn—k+2
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1 (), =7 ((22)

Proof: Using the definition of Right-a double Fibonomial numbers, we get

“\\K//gg \\m e KREX@oRlRe T migex ety mitgex (n-m) gy

ez s (), (69) = (), (G,

2. FR@b) ((E)) = FRE@D) Mg _ pR@h) y  Dlre o

k!!RFx(n—k)!!RF n k!!RFx(n—k—Z)!!RF

_ , -2
RF nR(ab) <(n k )>RF.

R(a,b) nllRrp R(a,b) nllgg
=F _— = . Thus
n—k K!'rpx(n—K)!'rp k+2 (k+2)!'gRpX(n—k—-2)!RF ’

=Fg” ((k-?— 2))RF'

) _ FR(a,b) v ___nllgg _ ~R(ab) % n!'gg . Thus,

k KI'rpx(n=K)!'gp T Tn—k+2 (k=2)'grpx(n—=K+2)!IgE

R(ab) o NnMrr  _ pR(ab) (n-2)!'Rp
k k!!RFX(n—k)!!RF n (k—Z)!!RFX(n—k)!!RF

. Thus,

R(a,b) [ (N _ R(ab) [ (n— 2
Fk ( k )RF K Fn <(k - 2)>RF.

Lemma2.3: (n — 1)!'xp o is always an integer.
k RF

This result can be easily derived from the definition of Right-a Fibonorial and Right-a double
Fibonomial numbers. The basic recurrence relations for the Right-a double Fibonomial

numbers are as follows:

Lemma 2.4 <(§))RF — <(n ; 2))RF — <(E B ;))RP {_Frf(a}';(‘aﬁ—(i’b).}.

By changing k to n — k and using 2.3, we get

ez (), -(69), (049, 5

The following result can be easily obtained when we apply the summation on both

sides with respect to the upper index such that m and k have the same parity.
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2.3 Star of David theorem for Right-a double Fibonomial numbers:

In 1972, Gould obtained a result related to one interesting arithmetic property of binomial
coefficients which was named as the Star of David theorem. This theorem states that
“The greatest common divisors of the binomial coefficients forming each of the two triangles

in theStar of Davidshape inPascal’s triangleare  equal”.  That is

n—1 n n+ 1\ _ n—1 n n+1
ged{(i Z 1) ey 1) (" M= {(M) G Z0) (e )
The two sets of three numbers, which the Star of David theorem says, have equal greatest
common divisors and equal products. Interestingly, Gould’s result can be imitated for Right-a

double Fibonomial numbers too as shown in the following result.
Theorem 2.6:

(G=2), (63 ) (CF0), = (O, (GE), (67 0), e

a, b are positive integers.
Proof: Using the definition of Right-a double Fibonomial numbers, the left side of the result

becomes

(G=D)_(GEw) (C59)

_ (n—-p)!RrF % nllRrp (n+q@)!RrF
(k=@)!'rpx(n—k-p+!'rr  (k+p)!'rRpx(n—k-p)!'rRr  KMrpX(n—K+q)!'RF

_ (n—p)!'rRF (n+q)!'rF 0 nllgp
K'gpX(n—k-p)l'gg  (K+p)!rpx(n—k—p+q)!'rr  (K—q)!'rRpx(n—k+q)!'rF

((n ; P))RF <(E :'I_' g))w ((kE q)>RF, as required.

Note: If a = b = 1, we get the product of six Right-a double Fibonomial numbers, which are

equally spaced around ((E)) y
RF

“Figure 1 is about here”.
2.4 Right-a double multinomial numbers:

Right-a double multinomial number for any positive integer n is defined as follows:

Definition: For any integer n > 0, the Right-a double multinomial number is defined by

n _ n!!RF . _ k k k
(k]_; kz, ---,kr) RF - kl!!RFkZ!!RF"'kr”RF’ n= 1 + 2 + .-+ .

Following result expresses Right-a double multinomial numbers as the product of Right-a

bifurcating double Fibonomial numbers.
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Lemma 2.7: Right-a double multinomial numbers can always be expressed as the product of
Right-a double Fibonomial numbers.
Proof: We prove this result using the principle of mathematical induction on the value of r in

the definition of Right-a double multinomial numbers.
When we consider r = 2, we have ( g ) = (n) swhere k, + k, =n
' ky, Kk, k, ' 1 2 '
RF RF
Forr = 3andn=k1+k2+k3,

n _ nllgp _ nligp (n—k)"gF _
<(k1’k2!k3)>RF - X . As k3 =n—-— k1 — kz’ we

k1"rrk2'Rrk3!'RF  Ki'rr(n—Kk)!rr  K2!'RFK3!'RF

get

(o)) = (@) (7).

Letforr<m-—1andn =k; + k, + --- + k,, we have

(i) = (60) () ()

Let us now consider r = mand n = k; + k, + -+ + k,,,. Thus,

RF

( n ) _ n!!RF
klrkZI'”!kr RF _kl!!RFkZ!!RF'"km”RF

_ nllpp « 1
ki rE koM RE o K rr K1 MRE k'R
_ nllpp (n—kq—ky——km_2)"rF
k1 "RFR2URF km—2"RFX(N—k1—Kz——km-2)'"rRF  Km-1"rRr(M—Kk1—ky——km—2—km-1)!'rF

- (@), (R AT RS (07 )

Hence, by the principle of mathematical induction, we get the required result.

RF

3. Right-a triple Fibonomial Numbers:
We introduce Right-a triple Fibonorial numbers which is the product of every third

Fibonacci-type number up to n, beginning with £ and ending with £, E® or
Fl(l'a)depending on whether n leaves a remainder of 0, 2, or 1 when divided by 3.
Definition: For any integer n > 0, Right-a triple Fibonorial numbers are defined by
( 1 ;n=0
EPY x EED x oo EMY 5 EY; n = 0(mod 3)
ES x ESD x o x D x F'Y; n = 1(mod 3)
FO x FED x oo x EMY x EY; no= 2(mod 3)

nMlpr =

VNSGU Journal of Research and Innovation (Peer Reviewed)
ISSN:2583-584X
Special Issue October 2025
589



The definition of n!!!z, allows the right-a triple Fibonorial to be expressed in terms of

the right-a double Fibonorial, as demonstrated in the following lemma.

nll n-—3)! n+3)!
rRF(M=3)!"gr _ ( )RF_n>3_

—2)11 - La) =
(n-2)"gp Fols

Lemma 3.1: n!llpr =

We use above identity to easily show the relation between n!zp, n!!'zr and n!!! - by

use of their definitions.

"!RF("'_s)”!RF . 3
(m-DUgp(m-2)1gp’

Lemma 3.2: n!llgp =

We also have the relation between regular right-a Fibonorial numbers and right-a

triple Fibonomial numbers.

| — 1
nlpr(n-3)!gF | >3

“nll =
Lemma 3.3: n!llgp - =

Next, we define the concept of right-a triple Fibonomial coefficients in terms of right-
a triple Fibonorial numbers:

Definition: For 0 < k < n, Right-a triple Fibonomial numbers are defined by

(@), ~mro
It is easy to observe that (((8)))RF =1= (((Z)))RF and <<(Z)>>RF - <<(n Z k)))

3.1 Properties of Right-a triple Fibonomial numbers:
The results presented below are immediate consequences of the definition of the right-
a triple Fibonomial numbers.

Lemma 3.4: For any positive integers k, m and n,

1. Iterative Rule: (((Z)))RF ((,i))) - <((;))>RF («Z _ ﬁ»)m

RF

5. [ (((Z)))RF =B (((Z - §)>>

Proof: Using the definition of right-a triple Fibonomial numbers, we get

RF
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(@), (((9) -t st~ it
iz e () () =((G), (G=m)

a) [((T _ (Lo niligp _ (L) (n—3)ligp
2. By («k))) = Pk X KMgex(n—K)Wgp B kN gEX(n—k—3)Wgp"

RF

RF
(1,a) n _ (o) n—23
Thus, F (((k))> = F{** ((( . )))
RF RF
@a) (M _ e nlligp _ (La) g
3 Fn_k <<(k)>>RF - Fn_k % k!!!RFx(n—k)!!!RF 1 Fk S (k+3)!!RF><(n—k—3)!!RF'

-59(((5))

wLa) [ (T _ (L) nllly, _ (La) Nty
4. B <<(k)>> = Fy 3 ki, X (=K, Faiers X (k=3)1, x(n—k+3)!1l,"
RF

La) n _ (e n
s, 509 (1) =re2a(((29)))
RF RF
(1,a) n _ (La) nMpr _ -(1a) (n=3)MgF
5 By <<(k))>RF =F X KM prx(n—k)Npp F o (k=3)Mgpx(n—k)MRE

s 502((@), =7 ((G23)

The recurrence relations for the right-a triple Fibonomial numbers are as follows:

Lemma 3.5: (((Z)))RF » (((n K 3)>)RF = (((Z = g))) {%}

RF

RF

By changing k to n — k, we get

s (@), -((679), -(C49), F7)

RF

3.2 Star of David theorem for Right-a double Fibonomial numbers:

In 1972, Gould established a result concerning an intriguing arithmetic property of binomial
coefficients, known as the Star of David Theorem. This theorem asserts that the greatest
common divisors of the binomial coefficients forming each of the two interlaced triangles in

the Star of David pattern within Pascal’s triangle are equal. That is

9o {(y 71). G ) (" D =0ea{(" 1) G 20 G Db
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According to the Star of David Theorem, the two corresponding sets of three numbers share
identical greatest common divisors and products. Remarkably, an analogous property also

holds for the right-a triple Fibonomial numbers, as established in the next result.

meoremar:((G20)) (((50)) ((C49)) -
(((n ” p)))RF ((( o q)>>RF (((z i g))) ; where a, b are positive integers.

RF

RF

Proof: Using the definition of right-a triple Fibonomial numbers, the left side of the result
becomes

(=) ((65) ()

_ (n—p)!!!RF % nrp (n+q)!!!RF
- (k—q)!!!Rpx(n—k—p+q)!!!RF (k+p)!!!RF><(n—k—p)!!!RF k!!!RFx(n—k+q)!!!RF

RF RF RF

(Tl—p)!!!RF nllpr (Tl-l-q)!!!RF
- KMppX(n—k—-p)MRE (k—@)Mgpx(n—k+q)MRrF (k+p)MRrEX(n—k—=p+q)"RE

(), {(620) ((G5), s

RF

Note: If a = b = 1, we get the product of six right-a triple Fibonomial numbers, which are

equally spaced around <<(Z)))
RF

“Figure 2 is about here”.
3.4 Right-a triple multinomial numbers:

Right-a triple multinomial number for any positive integer n is defined as follows:

Definition: For any integer n > 0, the right-a triple multinomial number is defined by

n nlll .
(((kl, k,, "',kr)>) - k1!!!Rpkz!!!::-"kT!!!Rp’ n=kitkyt otk

RF

Following result expresses right-a triple multinomial numbers as the product of right-a triple
Fibonomial numbers.

Lemma 3.8: Right-a triple multinomial numbers can always be expressed as the product of
right-a triple Fibonomial numbers.

Proof: We prove this result using the principle of mathematical induction on the value of r in

- <<(’:)>> - where k; + k, = n.

RF

the definition of right-a triple multinomial number.

When we consider r = 2, we have (((klnk2)>>
RF
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Forr=3andn =k + k, + k3,

n nilgg nilpg (n—k)gp
= = X . = —_ —
(((kl,kz,k3)>> kiMgrkWrpksllge  kqlgrp(n—k)URE ~ ka!lgpks!gp As k3 =n—lk
k,, we get

((G2r)) =((@), ((C59)

Letforr<m-1andn=k; +k, + -+ k,, we have

((kl, - kr)>RF = <(1?1)>RF <(n ;2k1)>RF <(n " _"Iil _ kr_2>>RF'

Let us now consider r = mand n = ky + k, + -+ + k. Thus,

( n ) _ Tl”'RF
ki, kg, by T kM pp ke Wpp e ey Mg

RF

RF RF RF

_ n!Mep - 1
kl!”Rsz!!!RF"'km—z!!!RF km—ll!!Rka!”RF

Tl”'RF (Tl—kl—kz—"'—km_z)!”RF
ki MRpkWRE km—2MRpX(n—k1—ky——km—2)Mrr  Kkm-1"rRr(n—k1—ko——km_z2—km—1)"rF

(@) (e 22’“)>>RF"'(<(”_'“ ) (7))

Hence, by the principle of mathematical induction, we get the required result.

RF RF

R

4. RF-Trinomial numbers:
The two-dimensional generalization of Fibonomial numbers has been extensively studied in

the literature. In these generalizations, the integer n is typically divided into two parts. Later,
Shah and Shah [13] introduced the concept of F-trinomial numbers as a three-dimensional
extension by partitioning n into three parts. In this study we introduce RF-trinomial numbers
for right-a Fibonacci numbers:

Definition: For any positive integer n and non-negative integers r, s, t such thatr + s + t =

n and

E& = FOD 5 D 55 D the RF-trinomial numbers are defined as

n _ FT(LLa)*
[T, S, t]RF o F(l‘a)*F(l‘a)*Ft(l'“)* :
r S
Using this definition, we can easily obtain the following results.

4.1 Properties of RF-Trinomial numbers:

The following results are trivial from the definition of RF-trinomial numbers.
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Lemma 4.1: = (n) , the regular right-a Fibonomial coefficient.
10, s, t] RF S/RF
Lemmad2:[ " | =1
emma4.2: |, 0,0l, =1
"1 _paem-—1
Lemma 4.3: 1,5,t] ., = E, ( < )RF.

We can observe that in this case, RF-trinomial number is a product of a right-a Fibonacci
number and right-a Fibonomial coefficient.

2n _ [nZn -1 % [ LD

Lemma 4.4: [n’ 1,0, —1,n,0l, *In

Proof: From the definition of RF-trinomial numbers, since £-* = E&* L8 we have

(1a)* (1,@) 1a)*
[ 2n _ Fon _ By Fyy _ 1) [ 2n—1
n,n, 0 RF FT(Ll,a) Fél,a) Fél,a) Fr(ll'a) Fr(icll) Fr(ll'a) Fél,a) n n— 1, n’() RF

2n

We can observe that in this case, [n n 0 L&}"l).

] is always divisible by
RF

The following result gives the recurrence relation connecting the F-trinomial
numbers.

Lemma 4.5:

n _paa [ n—1 1) e[ n—1
[T, S; t]RF 1 P"S+t+1 r — 1, S, t]RF + aF"r_l F't+1 [T,S " 1, t]RF +

2r(la) 1) n—1
ah 7K r,s,t— 1]RF'
Proof: We know that for any right-a Fibonacci number Fn(l’a),

F(l:a) — Fr(l:a)F(lﬂa) + aF;'(—lf)Fs(l'a)

r+s s+1

Using this result, we get &%, = E*YECY 4+ ar Y

r+s+t s+t+1 s+t

_ p1la)p1a) 1) 10 -(1,a) (1a) -(L,a)
= EYESS, + aBSP{EA RS + aFC PR,

Now as n=r+s+t, we get Fn(l’a)* = Fr(l’a)Fs(:;?l + aF;(_l'la)Iﬂ(l’a)F;(:’la) +

aa)*

1, 1, 1, . - E "
azFr(_f)Ig(_la)Ft( Y Multiplying by F(L@*FTEL;)*F(L“)*’ we get
' S t

(1.0)°
Fn—l

gLayr
P;,.(lja) P;(lra) F‘t(lla)

F(l,a)*
+ aF;.(_l,la)FS(l,a)F(l,a) n—1

F(l,a)*
_ F(1,a)F(1,a) n-1
A t+1 F;ﬂ(l,a)*ES(l,a)*F;(l,a)*

s+t+1 Fr(1,a)*FS(1,a)*Ft(1,a)*

La)*
Fn—l

2r(1,0) -(La) »(1,a)
+aFZRIR

Qo o) (1La*
E R,
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Using the definition of RF-trinomial number, we have

[rosel =P ] +aRSPRSO[ R ]

tLa) 1o n—1
a*F_y Foy [r,s,t - 1]RF’

as desired.
This result can be illustrated by the following example.

IHlustration 4.6: Considern = 6andr =s =r = 2.

Then we get [ = (1+4a +3a®)(1+ 3a+ a®)(1 + 2a)(1 + a).

r,S, t]RF [2 2, 2]
5 — — - 2
Also, [1'2'2]” = [2,1,2]RF = [2,2,1]” = (1+4+3a+a“)(1+ 2a)(1+ a). Therefore,

la) [ n—1 (1,a) »(1,a) n—l 2 (1a) (1a)
Foyten r—1st]RF+ Ak Fe t] ta’El [rst 1]RF

_ r(La) (La) o(La) [ 5 2 -(1,0) (1,a)[ ]
=F [1,2,2]RF+“F1 fs [z,l,z]RF”Fl E 224,

=(1+3a+a®)1+2a)(1+a){1+3a+a?+a(l+a)+a?}
=1 +3a+a*)(1+2a)(1+a)(1+ 4a + 3a?)

Ths, [, 5 + o RS [2 ) Z]RF el = [2 31]

_ rLa)
z,z,z]RF =F [1,2,2]RF
expected.
Following result uses the above lemma to give recurrence relation of RF-trinomial

numbers in the series form.

Corollary 4.7:
-1 j-1 1,a) n— ]

@i GO g™ g [ ]
[nt] _ §1 S+t—j+2 r—lSt ]+1RF
7,5, tlpp = i (1a)1 (1a)1 1 _(1,a) n—j ]

talh e h FJ+2rs—1t —j+ 1l
42t (1a)f Lot [n—t
B2 Ry [r S, O]RF'

Proof: From lemma, we have

=) P IR el P

2ptopca] n—1
LS r,s,t—l]RF'

. n
Applying the same result to the last term, we get [r S t]
2 RF
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Fs(jt(—lk)l[ nol ] + aF(la)F;:(jf)[ n t] +

T'_]., S, RF r,Ss —
(1,a) n—2
F,
2F10 p(1a) sttt lr—1,s,t — 1]RF
Tl Tee +aF(1’a)F(1'a)[ n—2 ] n 2F(1a)F(1a) n—2 ]
r=1 7t rs—1t—1 1 lrs,t—2
(La) [ n—1 2 (1a) (1a) (1,a) n—2
= Fsstn r—1st] tath o o e r—1,s,t—1]RF
4 (1a)2 (1,a)? (L) n—3 1La) 1) n—1
rath oy Bly By r—1,st— ] +ak i e [ r,s—1,tl
3 (1a)2 (1a) (1a) 5 (1a)3 (1a)2 (1,a) n—3
+a3EY EAO [ ] +a ELY ES P T |

RF

6 -(1L,a)? ~(1,a)3 n—3
+a B RO T 3]

Continuing the process, we get

s (1a)11 <1a)11 L) [ n—j ]
o o ks F, r—1,s,t— ]+1RF}

S+t—j+2
7,8, tlpp J= (1a)1 (1a)1 1 _(1,a) n—j
J
o' By B FJ+2[rs—1t ]+1]RF

a2t (1a)f (1a)f n—t
F F [r S, O]

as required.
The above result can be illustrated by the following example.

Ilustration 4.8: Considern =5andr =s = 2,t = 1.

Then we have [, " = (1+3a+a®)(1+2a)(1 +a).

| =le2a
1,8t 12,2150

-1 (1a)f 1 (1a)11 (La) [ n—j ]
b ks k, r—1st—j+1],,

S+t—j+2
Al = (1Lay p(La)~ . (1,a) n—j
+al FUY EET [ ]
s—1 t=i+2qr,s =1Lt —j+ 1],
a2t p " g n-—t
Foi b [r s, O]RF
OF(1 a)oF(l a)OF(l a)
_ 21 2+1-1+42 [1’2’1]RF n aZF(l'a)lF(l'a)l [ 4. ]
|yt p1@° p(La) [ ] 1 1 2,2,01,,
1 1 2 2,1,1 RF
— (1,(1) 4 (1,Cl) 4' 2 4
=f [1,2,1]RF +ak [2,1,1]RF +a [z,z,o]F

=(1+2a)1+a){1+2a+a+a?}
= (14 2a)(1 + a)(1 + 3a + a?), as required.
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It is not evident from the definition of RF-trinomial numbers that they always possess
integer values or not. In the following theorem, we show that they indeed always possess
integer values.

Theorem 4.9: RF-trinomial numbers are always integers.

Proof: From the definition of RF-trinomial numbers, we have

[ n ] F(la) _F(la)xF(la)x xFS(itaJr)leS(if)x th(if)th(la)x~><F1(1'a)
T, S,t RF F(l a) (1 a) (1 a) F,El ,a)* Fs(l ,a)* Ft(l ,a)

This fraction contains r, s and t number of consecutive right-a Fibonacci numbers in the
numerator as well as in denominator. Since multiplication of any ‘m’ consecutive right-a

Fibonacci numbers is always divisible by the multiplication of first ‘'m’ consecutive right-a

Fibonacci numbers [20], it is now evident that [ IS always integer.

T,S, t]RF

In [7], Gould gave an interesting result known as Star of David theorem for binomial

coefficients, stated as (1: - Z) (r Z a) (n 1— a) = (n ; a) (Z i Z) (T f a). In case of RF-

trinomial numbers too we can discover similar result, which will be the 3-dimensional version
of star of David theorem.

n+1

Theorem410[n 1t] [ 15t+1]RF[T+15t 1]Rp[r,s+1,tRF

n—1 n+1]

~lr— 1,s,t]RF [r,s— 1,t4+ I]RF [r,s+ 1,t - 1]RF [r+ 1,s,tl,,

3 r??—l 1]RF [r — 1,2 +1, t]RF [r +1,5-1, t]RF rrsl:_i 1]RF'

Proof: Using the definition of RF-trinomial numbers, we have

S I P PP B M
r,s—Ltl lr=1Ls,t+1pplr + 1,5t = Ugelr,s + 1, th,,
1a)* 1,a)* 1,a)* 1,a
_ FL y ) !, P9 9 FL’
1,0)* .(1,a)* .(1,a)* 1,0)* (1L,a)* .(1,a)* 1,a)* L(1,a)* .(1,a)* 1,a)* (1, 1
P D D O (i N DN CE DN
FLa* Pl pa’ L’
— n—1 X X X n+1
1a)* .(1,a)* .(1,a)* (1a)* (1a)* 1,a)* (1,a)* (1a)* (1a)* 1La)* .(La)* .(1,a)*
Fr—l FS Ft F F Ft+1 F Fs+1 F Fr+1 Fs F
=[275d,1 [ PP e
r—1Ls,tllr,s =1Lt +1lr,s+ 1t -1l lr +1,5,tl;
Again, using the definition of RF-trinomial numbers, we have
521, Joe [
T',S—l,tRF T—l,s,t+1RF r+1ﬁsﬁt_1RF T‘,S+1,tRF
eeroN eroN ey e

e ey ey L e iR el vy e o L cwey ko vy L e L w RS e v L iy W
E, F_7 F B2y s Fi Bl Fs F_ Fy Foih" F
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* * * *
F(ia) F(l.a) F(l,a) F(l,a)
Vo R ey vy e e L cwoy e e v iR ey vy L e iR e oy e o e ewey
FT' FS FL’— 1 FT'— 1 FS +1 Ft FT'+ 1 FS -1 Ft FT FS Ft+ 1

=[ n-1 ] [ n ] [ n ] [ n+l as desired
r,S,t_lRF r_1,5+1,tRF r+1ls_1ltRF T,S,t+1RF’ '

4.2 Bounds for RF-Trinomial numbers:

In this section, we discuss about the bounds of RF-trinomial numbers in terms of «, where o =

1 ;Ha is the root of characteristic equation x2 — x — a = 0 of EX"®.

Theorem 4.11: gt~ DT+9)+7s < [ ] < qEHDT+s)+rs
o = lr,s, tle = '

Proof: Since a™ 2 < Fn(l’a) < a™1; for all n>1, from the definition of RF-trinomial

numbers, we have

s,
7,5, tlap

(1,a) (1,a) (1,a)
B, 7 X E X X
(ﬂ(l,a) % Fr(—l,la) - Fl(l,a))(FS(l,a) % FS(_l,la) B Fl(l,a))(Ft(l,a) % F;:(—lia) X e X Fl(l,a))

1a),, (1,a) 1,a)
Fn XFp g X Xy 2541

T (FEOXEED PO (RO D DY ¢

aM—2)+(M=3)++(n-r—s-1) aM—D+n-2)++(n-r-s)

n
ThUS, (a(r—1)+(r—2)+-~-+0)(a(s—1)+(s—2)+-~-+0) = [r’ S, t]RF 4 (a(r—z)+(r—3)+---+(—1))(a(s—2)+(s—3)+-~-+(—1)) '

This now gives a(t-DI+9)+rs < [r Tsl < qEFDT+9)+7s a5 required.

’ t RF
This result can be illustrated as follows.

Ilustration 4.12: If we considern = 7andr =s =2and t = 3,

then we have =(1+4+5a+6a*+a®)(1+4a+3a*)(1+3a+

[r,z, t]RF i [2,;,3]”_
a®)(1 + 2a).

If we take a@ = 1 then we get, [2 ; 3] = (13)(8)(5)(3) = 1560
)& RF

Also, q(t-D+)+7rs — 312 = 321 9157 and at+DT+)+7s = 320 = 15120.6460.

7 ..
12 20
Hence, a'“ < [2,2,3]F < a*“?, as anticipated.

5. Conclusion:
This paper examined the Right-a Double, Right-a Triple Fibonomial numbers, and RF-

Trinomial Numbers, presenting their definitions and main properties. Relationships among
these forms were established, and several important identities were derived. An equivalent of

Gould’s Star of David Theorem was also obtained for the triple form, showing interesting
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arithmetic symmetries. In addition, the concept of RF-Trinomial Numbers was introduced as a
three-dimensional extension of the Fibonomial idea. Overall, the study extends the

understanding of Fibonomial numbers and highlights their combinatorial structure.
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Figure 1: Star of David for Right-a Double Fibonomial numbers
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Figure 2: Star of David for Right-a triple Fibonomial numbers
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